Abstract: A q-deformation of the transformation of the Chevalley basis to an odd basis of generators of the universal enveloping of the Lie superalgebra B(0, n) is presented. It is shown that one thus obtains a reasonable quantum deformation of the algebra of n para-Bose oscillators.
Introduction
It has been realized by E.Wigner [1] is the (Bose-) harmonic oscillator Hamiltonian. A more general, "paraquantization" scheme was proposed in 1953 by H.S.Green [2] . From the algebraic point of view the main difference between the canonical quantization approach and the paraquantization scheme comes from the replacement of the standard bilinear relation (1.1) by a pair of relations, a threelinear one and its conjugate, which has additional solutions. This idea has been extended to the case of several degrees of freedom (as well as to parafermionic systems which will not be discussed here). It has been shown that physical (lowest weight unitary) representations of the parastatistics algebra are labeled by a positive integer p called the order. It turned out that the most appropriate way of defining Bose-parastatistics algebra for n > 1 degrees of freedom was to attract some generalized symmetry argumentation and it has been found [3] that the resulting parabosonic algebra is just the (universal enveloping algebra of the) Lie superalgebra osp(1|2n), appearing also as B(0, n) in the Kac classification list [4] (see [5] both for an introduction or an advanced guidance in parastatistics). Therefore, it would be natural to expect that a deformation of Bose-parastatistics algebra should be related to a deformation of B(0, n).
Quantum deformations of universal enveloping algebras of Lie superalgebras have been defined in [6] , [7] (see also [8] ). They naturally appear as a graded generalization of the notion of a quantum universal enveloping algebra (QUEA) U q (G) of a Lie algebra G defined by Jimbo [9] , which contains perhaps the most popular examples of nontrivial i.e., both noncommutative and noncocommutative, quasitriangular Hopf algebras ("quantum groups", [10] , [11] ). Quantum generalizations of the Jordan-Schwinger-Bargmann construction have been also proposed -first for the simplest case of U q su(2) realization ( [12] , [13] , [14] ) -in terms of the so called quantum "Biedenharn-Macfarlane" oscillators, the QUEA generators being expressed, like in the undeformed case, as bilinear combinations of these. This construction has been further generalized for the quantum deformations of a broad class of Lie algebras and superalgebras [15] , [6] , [7] .
Our interest in this subject evolved from an attempt to interpret quantum groups as generalized internal symmetries in two dimensional conformal field theory [16] , [17] . An approach to quantum oscillators describing specific "quantum internal degrees of freedom" has been developed in [18] and extended further in [19] , [20] . The basic assumption about the oscillators in this setting concerns their covariance properties with respect to the corresponding QUEA (an idea which, for the U q su(2) case, has been first realized in [21] ); one derives then the corresponding relations requiring their compatibility with the transformation laws of the creation and annihilation operators, and some other natural properties. We shall refer to the oscillators constructed this way as to "covariant oscillators". Their relation to the Biedenharn-Macfarlane ones is displayed in [18] .
The situation is somewhat different in the case of the q-deformation of U B(0, n) . In the undeformed case the odd generators to which creation and annihilation operators correspond in representations enter the Cartan-Weyl-Kac basis of B(0, n) so that their (anti-)commutation relations turn out to be fixed from the outset. The q-deformed version being formulated in terms of the deformed analogs of the Chevalley-Kac basis, one has to define appropriately the q-counterparts for the odd generators, relations among which would give a sensible deformed version of the Bose-parastatistics algebra. Here the prescriptions of [22] (see also references therein) for the appropriate definition of the quantum counterpart of the Cartan-Weyl-Kac generators turn out to be helpful.
Previous attempts to define a q−deformed Bose-parastatistics deal with the comparatively easy n = 1 case [23] , [24] . There are also results for the n = 2 case [25] ; the author has been informed about partial results for the general case as well [26] .
The paper is organized as follows. After reviewing the undeformed case we display in details the construction of the odd generators of U q B(0, n) which correspond to the "classical" (q = 1) para-Bose creation and annihilation operators (we shall refer to them as to "totally odd basis"), together with certain threelinear relations among them (with coefficients in the Cartan subalgebra). We prove that this construction can serve as an alternative definition of U q B(0, n) ; in particular, the standard set of relations for the Chevalley generators is in one-to-one correspondence with the set of relations we derive for the totally odd basis. We also give an interpretation of the notion of parastatistics order of a representation which seems to be useful, leading to compact and suggestive formulae (the latter being perhaps new even for the q = 1 case).
Apart from the aspect of q-parastatistics, constructing representations of U q B(0, n) could have various other applications. Since the sub-Hopf-algebraic structure in the deformed case differs from that in the undeformed one, it seems to be useful to have at hand alternative constructions of quantum group representations which coinside in the q → 1 limit. One should mention among the latter -for n = 2 -a construction of the state space of the "q-deformed top" [27] which describes the zero modes of the WZNW model (see also [28] where a q-deformed chiral version of the classical finite-dimensional model is considered), the regular representations of U q (sl(2)) for q a root of unity [29] , a natural q-deformation of the supersingletons [30] and of the important from the physical point of view massless representations of the four dimensional Poincaré (and conformal) algebras [31] -see [20] , etc. where a + i , resp. a − i , 1 ≤ i ≤ n are n pairs of para-Bose creation, resp. annihilation operators, assuming that e µ generate the abstract parabosonic algebra and π stands for a vacuum representation (there is no need to fix it for the moment), the vacuum being just a lowest weight vector annihilated by all a − i . The parabosonic relations for the case of n oscillators can be now written in the form [{e µ , e ν }, e ρ ] = 2(δ ρµ e ν + δ ρν e µ ) ; µ, ν, ρ ∈ {±1, ±2, . . . , ±n} (2.2) where
is a sort of a finite-dimensional analog of the δ function.
One can easily prove [3] that if one defines
then {E µ } µ=±1,±2,...,±n form a Chevalley-Kac basis for the Lie superalgebra osp(1|2n) = B(0, n). Here {e µ } µ=±1,±2,...,±n and E ±n are assumed to be odd, and all other E ±i -even generators. Since we shall need the notion of a root system of a simple Lie (super-)algebra and, moreover, since it is in fact the same in the deformed as in the undeformed case, we shall briefly spell out its most important features for our case (see [4] for more details). The rank of B(0, n) being equal to n, there are n simple roots, {α i } i=1,2,...,n ; the set of odd simple roots τ contains only one element, τ = {α n }. The Cartan matrix
The correspondence between the roots α i and the Chevalley generators E ±i in Eq.(2.4) is E ±i ↔ ±α i .
One has now all the data needed to write down the commutation and Serre relations for the universal enveloping algebra of the Lie superalgebra U B(0, n) in terms of {E µ } assuming that the n Cartan generators are defined -up to normalization -by the (anti-)commutators of E i and E −i , 1 ≤ i ≤ n. However, it is instructive to have the Cartan-Weyl basis of B(0, n)as well. There are 2n
2 even roots (all of them real) and 2n odd ones; in standard notations [4] the set of all roots ∆ is decomposed as ∆ = ∆ 0 ∪ ∆ 1 , where
Adding the n Cartan generators, one obtains
Accordingly, the Cartan-Weyl basis is most conveniently expressed in terms of the generators corresponding to the odd roots, the correspondence being given by ±β i ↔ e ±i . It is not surprising at all -taking into account Eq.(2.4) -that the relation between the simple roots and the odd ones is
We shall call {e µ } µ=±1,±2,...,±n "the totally odd basis". In some respects it is even more convenient than the Chevalley basis. The one-to-one correspondence between both is becoming transparent if we write down the relations inverse to Eq.(2.4):
The recursive relations (2.9b) follow directly from Eqs.
(2.4), (2.2).
Note that, as a consequence of (2.5) and (2.8), the odd roots corresponding to the generators {e i } i=1,2,...,n form an orthonormal coordinate system. Indeed, let us symmetrize the Cartan matrix (2.5) by defining
Then the symmetric Cartan matrix is given by a ij = (α i , α j ) ,
1 One only has the freedom of choosing an overall normalization factor; our {d i } are twice bigger than those in [22] and [7] . and it is amusing to check that, since
Hence, in the undeformed case one can alternatively define U B(0, n) in terms of its Chevalley or, respectively, totally odd bases. Note that, according to (2.6a), all even Cartan-Weyl generators are given (or, in fact, can be defined) in terms of the anticommutators of the odd ones, the Cartan subalgebra being spanned by {{e i , e −i }|1 ≤ i ≤ n} (this last property does not hold in the q-deformed case). On the other hand, (2.6a) implies also that relations (2.2) may be reformulated as defining the commutator (in the proper sence) of any pair of an even and an odd member of the Cartan-Weyl basis (surely, in terms of a linear combination of odd ones). Finally, any of the even-even commutation relations can be deduced from the even-odd ones by expressing one of the even generators as an anticommutator of odds and then using the generalized Jacobi identity
(2.14)
Indeed, assuming that A is even and B,C odd, only known quantities appear in the righthand side of (2.14). Defining U B(0, n) as a free associative algebra with generators {e µ } µ=±1,±2,...,±n , one has to impose appropriate relations among them which could be identified with any generating subset of the parabosonic ones (2.1) (not all of these are independent because of the generalized Jacobi identities); choosing its standard definition in terms of the Chevalley basis, one considers the commutation and Serre relations for {E µ } µ=±1,±2,...,±n instead.
We have collected in this section all the relevant formulae concerning the two bases of U q B(0, n) , the Chevalley and the totally odd one (their equivalence is proved in the next section).
The commutation relations for the Chevalley generators are
where
Trivial Serre relations:
Nontrivial Serre relations:
are the Serre polynomials for this case. Denote, assuming
(analogous convention will be used further also for anticommutators). Then the totally odd generators (and the corresponding Cartan generators) are defined by (cf. [22] )
The following relations are counterparts of (3.1) -(3.5) for the totally odd basis:
and, introducing the convenient notation
E ±n := e ±n , (3.10a)
we have also
The super-Hopf algebraic structure is given by -the gradation
note that in super-Hopf algebras, for any A, D and for homogeneous B, C
(in super-Hopf algebras γ should be a graded antihomorphism i.e., that 20) otherwise e.g. Eq.(3.1b) would be inconsistent), and -the counit,
For e µ , the formulae for the coproduct and the antipode are more involved -additional terms (vanishing for q = 1 ) appear, e.g., in ∆(e n ) = e n ⊗ 1 + q hn ⊗ e n , (3.22a)
∆(e n−1 ) = e n−1 ⊗ 1 + q hn−1 ⊗ e n−1 + (q − q −1 ){e n−1 , e −n } ⊗ e n , (3.22b)
∆(e n−2 ) = e n−2 ⊗ 1 + q hn−2 ⊗ e n−2 + (q − q −1 ) {e n−2 , e −(n−1) } ⊗ e n−1 + {e n−2 , e −n } ⊗ e n , (3.22c) etc. The corresponding formulae for the antipode can be also easily derived from the definitions and (3.19) - (3.20) .
Note also the existence of a non-graded algebraic antiinvolution * ,
( the "Cartan-Planck conjugation" of [22] ) acting on the generators as
In other words, relations obtained by applying * to true relations are also true; we shall refer to them as to the "conjugate relations", correspondingly. For q on the unit circle we define * as a coalgebraic antihomomorphism ( [32] , [19] ; see also [33] and, vice versa, that -assuming that (3.8) and (3.10) hold -relations II imply the system I (with the identifications E ±i → E ±i , q ±Hi → q ±Hi ). The idea of the proof is to use the induction suggested by the natural "tower" of inclusions
adding at any subsequent level a new quadruple of generators
Let us define e ±i , q ±hi through (3.8), and, further, E i -through (3.10a). Then, for i = n (3.9a) is trivial, and for 1 ≤ i ≤ n − 1 it follows by induction. Indeed, the following chain of relations for i = k can be derived from that for i ≥ k + 1:
1b)
[E −i , e i ] = e i+1 q −Hi , (4.1e)
(4.1f ) (We shall prove below that (4.1a) is in fact valid for any 1 ≤ i < j ≤ n, the equations from (4.1b) to (4.1e) -for 1 ≤ i ≤ n − 1, and (4.1f) -for 1 ≤ i ≤ n). Let first k = n − 1. Then,
according to (3.1a). Further,
because of (3.1c) (cf. (2.11) ). Now (3.8b), (4.2a) and (4.2b) imply
i.e., (4.1c) for i = n − 1 as claimed. We also have
and, as a corollary,
All this implies
it has been used that
Thus, the relations (4.1) for i = n − 1 follow indeed from those for i = n . This step (namely, the proof that (4.1) for i ≥ k + 1 imply those for i ≥ k) can be made with almost no changes for any 1 ≤ k ≤ n − 1 , the only thing to be taken into account -in the derivation of (4.1a), (4.1b), (4.1d) -on top of the arguments used for k = n − 1 being the trivial remark that e ±i , q ±hi for any 1 ≤ i ≤ n − 1 may be expressed entirely in terms of {E ±l , q ±H l } with l ≥ i (we shall call this "the triangular property"). The latter follows directly from the definitions (3.8) ; e.g., (3.8b), (3.8c) imply
respectively. So we have proved (3.9a). Having in mind (4.4) (see also (2.13)), it is quite easy now to derive (3.9b):
Applying the antiinvolution * to (4.1), we obtain the following conjugate relations (see (3.23), (3.24), (3.25)) :
[
the last four equalities being valid for 1 ≤ i ≤ n − 1 . Relation (4.1f) is self-conjugate.
To prove the first part of the equalities (3.11), since we have already (4.1c) and (4.6e) (see also (3.10b)), we must only check that
the second part is obtained by conjugation. Let us first consider the case 2 ≤ j + 1 = i ≤ n − 1 .Using (3.1a), (3.1c) and (3.2), we get
With (3.2) and (4.7), one can proceed further to obtain -step by step -the remaining relations of the first part of (3.11):
etc.
The vanishing of the commutators [E ±i , e ±j ] for 3 ≤ i + 2 ≤ j ≤ n -Eqs. (3.12) -is a direct consequence of (4.1c) and (4.6c), the trivial Serre relations (3.2) and the "triangular property" (4.4).
Proceeding further, one sees that (3.13) follows immediately from the defining recursion relations (3.8b), (3.8c) (due to (4.1c), (4.6c) ). To establish (3.14), one should first note that the two sets of equations are conjugate to each other. On the other hand, one can use again (4.1c) and then convert the commutator [E i , e i ] q 2 by expressing
(E i and e i+2 commute, due to (3.12)), for 1 ≤ i ≤ n − 2 , or to
for i = n − 1 . The proof that both (4.10a) and (4.10b) vanish can be done by representing the Serre polynomial as
and then using (3.3).
The following chain of equalities,
proves (in fact, for q 4 = −1) relations (3.15a) (the conjugate equations should be also valid) -see (3.4), (3.6). Relations (3.15b) follow directly from (3.5), (3.7), e.g.
4.13) and one also has the conjugate relation. This completes the proof that relations I imply II.
P roof of II =⇒ I .
We are going to prove now that, within the free associative algebra with generators {e ±i , q ±hi } , 1 ≤ i ≤ n and relations (3.9), one can recover, by (3.10), the Chevalley generators of U q B(0, n) ,i.e., that E ±i , q ±Hi , 1 ≤ i ≤ n obey the defining commutation relations (3.1) and the Serre relations (3.2) -(3.7). Let us start with the proof of (3.1a) for 1 ≤ i = j ≤ n − 1. We have
Relation (3.1b) is just (3.9a) for i = j = n . Let now 1 ≤ i = j ≤ n and, e.g., i + 1 ≤ j. Then, for j = n , we use directly (3.11), and for j ≤ n − 1 we first rewrite
and then apply (3.9b), (3.11) and (3.12) (the latter -because i + 2 ≤ j + 1 ) to prove that the commutator vanishes. If, on the contrary, i ≥ j + 1 , we express E i according to (3.10a ) and apply the conjugate relations instead.
Relations (3.1c) are trivial corollaries of (3.9b); in fact, when 1 ≤ i, j ≤ n − 1 , one just has to check that
and when i and/or j are equal to n, the derivation is even simpler. The trivial Serre relations (3.2) follow from (3.9b), (3.11) and (3.12) . Let us consider, finally, the nontrivial Serre relations. We shall display the proof for those involving {E i } with positive i; the ones for {E −i } can be obtained by conjugation. One has (see (4.11))
(due to (3.9b), (3.11) and (3.14)), and
This proves (3.3); relations (3.4) for 1 ≤ i ≤ n − 2 follow from
(4.18) (we have used (4.11), (3.9b), (3.15a) and (3.11)). The last Serre relation (3.5) can be derived from the definitions and (3.15b):
Hence, we have proved the equivalence of the both systems of generators and relations which produce the super-Hopf quantum algebra U q B(0, n) . Note the differences between the relations for {e µ } µ=±1,±2,...,±n in the deformed and undeformed cases -first, in the deformed case we have in general coefficients in the Cartan subalgebra, and second -this is the reason for not having displayed (for n ≥ 2) the full set of analogs of (2.2) -not all of the relations are of the typical for the q = 1 para-Bose algebra type (i.e., threelinear in the odd generators in the left-hand side and linear in the right-hand side). Although it is obvious that one could, in principle, compute all the expressions of the type [{e µ , e ν }, e ρ ], e.g., by expressing the odd generators as in (4.4), one has to expect that, in general, threelinear terms (with coefficients that vanish in the limit q → 1) would appear in the right-hand side, too 4 . Indeed, one can show, as an example -for the first nontrivial case
5 Q-deformed Para-Bose Oscillators We consider in this section, for any n−tuple of real numbers p = {p 1 , p 2 , . . . , p n }, vacuum representations π (p) of the super-Hopf algebra U q B(0, n)
characterized by the existence of a lowest weight vector |0 > , the vacuum, such that
(we are not going to introduce special notations for the Cartan generators in the representation π (p) ). One has then (cf. (3.9) -(3.15))
Let us consider the representation of the subalgebra U q B(0, 1) generated by some quadruple {e ±i , q ±hi } ; since they are all isomorphic, we shall skip the index i altogether. As a corollary of (5.2), (5.3) one has
which is an expected generalization of the known for q = 1 notion of the order of parastatistics [5] . It is obvious that the set of eigenvectors of q ±h |n >:= (a + ) n |0 > , q ±h |n >= q ±(p+2n) |n > , n = 0, 1, 2, . . . 
Outlook
There are several problems which deserve future consideration, e.g.
-a more detailed investigation of the structure of the q-deformed parabosonic relations -representations of the algebra (5.3) -(5.8) with h i = 2N i + P , i = 1, 2, . . . , n for higher values of the parastatistics order p -representations for q -root of unity -applications to specific two-dimensional models, etc. We postpone the discussion of these questions to a future publication.
